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Abstract—The task of tracking targets, that generate more
than one measurement per scan appears in several applications
such as extended object and group tracking. There, the target
(or group) extend implies that muliple measurements, drawn
according to a spatial probability distribution, are measured per
sensor-scan. However, applications exist where targets generate
several measurements per sensor-scan, which are not geometri-
cally correlated according to a distribution in the measurement
space. An example for such an application is Blind Mobile
Localization, which is the passive non-cooperative localization
and tracking of mobile terminals in urban scenarios. In this
paper a Probability Hypothesis Density filter for general models
of target-generated measurements is applied to track targets with
multiple measurements per scan, where the measurements do not
necessarily have to be spatially related in the measurement space.
Furthermore, the problem of numerical feasibility is identified
and two ways of approximating the update equation of the
generalized Probability Hypothesis Density filter are proposed.
Finally, a sequential Monte Carlo-implementation of the general-
ized Probability Hypothesis Density filter with a Poisson clutter
model is used for a numerical evaluation.

I. INTRODUCTION

Due to the assumption that targets generate conditionally
independent observations with at most one observation per
target, the standard Probability Hypothesis Density (PHD)-
filter [1] is not suited for applications where a target may
generate multiple measurements in one sensor-scan. However,
for the problem of extended object tracking several modifi-
cations of the standard PHD-filter are available (an excellent
overview about existing methods is given in [2]). In [1] the
target extent is modeled by a set of point scatterers, where
each scatterer generates an individual measurement. In [3] an
approximation is presented, based on the approximate Poisson
model of Gilholm, Godsill, Maskell and Salmon [4], where the
target extend is modeled by a spatial probability distribution.
Furthermore, the set of measurements is preprocessed into
associated groups which represent the individual targets. In
[5] the target extent is modeled by random matrices and
in [6], [7], [8], [9], [10] the approach is combined using
PHD and cardinalized PHD-filters. Furthermore, techniques
of reducing the number of measurement partitions, which are
essentially based on applying clustering in the measurement
space (idea: measurements belonging to the same target are
closely spaced), are presented in these works. All methods
presented have in common that they make explicit use of the
target extent. However, scenarios exist where targets generate
multiple measurements which are not spatially related in the
measurement space.

One example for an application, which considers such kind
of targets is Blind Mobile Localization (BML) [11], [12], [13],
where an observer station (OS) has to track a mobile station
(MS), which is given by an electromagnetic emitter in an
urban environment. The boundary conditions of the problem
imply that the OS has to determine the location of the mobile
terminal by only inspecting the transmitted electromagnetic
waves. Due to physical propagation effects like reflection,
diffraction and scattering the observer station receives multiple
signals that have traveled along different multipaths. Hence,
the MS, which is a point target in the sense of [1], generates
several observations, the so-called multipaths. A multipath is
defined by a relative time of arrival (RToA) and a direction
of arrival (DoA). The distribution of measurements in the
measurement space strongly depends on the environment and a
measurement function would be discontinuous and difficult to
model and calculate. This makes it impossible to find a general
distribution of the multipath-measurements in the measurement
space, which can be used for the association of targets and
multipaths as it is done in [1] and [3], when preprocessing the
measurement set.

In [11] a sequential Monte Carlo (SMC)-implementation
of the standard Intensity filter (iFilter) [14], [15], which is
closely related to the standard PHD-filter [1] and uses the same
assumptions, is applied to the problem of BML. Therefore,
it is assumed that each multipath represents an individual
measurement. Due to this approximation the sum of the
weights is not equal to the number of targets, but to the number
of multipaths which belong to a target. A sophisticated method
for state extraction, considering the association possibilities
between different multipath-sets and targets, is also presented
in [11]. This state extraction scheme needs to be considered
since the target generate models of the standard PHD-filter and
BML differ. Even though this solution yields satisfying results,
it is an approximation, assuming that each multipath represents
an indivual measurement, i.e., the creation of at most one
observation per target, which is obviously not given for the
application of BML. Taking into account all of the previous
considerations a PHD-filter for targets which generate multiple
measurements per sensor-scan without a common distribution
in the measurement space is needed.

The PHD-filter derivation using PGFLs can be found in [1],
[16], [17], [18] and [19]. A very detailed deviation of the PHD-
filter using the PGFL-framework is presented in [20]. There,
the PHD-filter is derived by modeling a PGFL, using Bayes
theorem and afterwards the update (and prediction) equation of
the PHD-filter is obtained by functional differentiation. To de-



rive a PHD-filter for scenarios, which do not fulfill the standard
assumptions, PGFLs represent an appropriate approach. In [21]
and [1] examples of PGFLs for nonstandard targets are given
and the calculation of the respective Gâteaux derivatives using
compositions of so-called secular functions with functionals
is proposed. In [22] the authors present a general chain rule
(GCR) for functional-derivatives. This result is extended to
locally convex topological spaces in [23] and closely related
to the ideas presented in [21]. It can be used to determine
the Gâteaux derivatives of complex PGFLs, e.g., for PGFLs
which model target interaction [20, chapter 3]. Furthermore,
in [22] a generalized PHD-filter is developed for arbitrary
models of target-generated measurements and general clutter
processes. The generalized PHD-filter possesses the ability to
track targets, which are themselves point scatterers and create
multiple measurements per scan, that are not drawn according
to a spatial probability distribution in the measurement space.

In this paper, the generalized PHD-filter, using a Poisson-
model for the clutter process, is investigated for the purpose
of tracking targets with multiple measurements per sensor-
scan. Thereby, a spatial distribution of the measurements is
not assumed. Two approximations of the update equation of the
generalized PHD-filter with Poisson-clutter are presented and
a multi-target scenario, where the targets generated multiple
correlated measurements is investigated, applying an SMC-
implementation of the generalized PHD-filter.

This paper is organized as follows. Section II gives an
overview of the relation between PGFLs and the PHD-filter.
Section III considers the formulation of the problem. In III-A
the generalized PHD-filter with Poisson clutter model is pre-
sented. Section III-B investigates the computational complexity
for scenarios where target measurements are not spatially
related. Section IV-A proposes two ways of approximating the
update equation of the generalized PHD-filter with Poisson
clutter and without using a distance-criterion in the measure-
ment space. In Section V a numerical evaluation of an SMC-
PHD-filter for targets with multiple measurements per sensor-
scan is presented before the conclusions are drawn and future
work is presented in section VI.

II. PROBABILITY GENERATING FUNCTIONALS AND THE
PHD-FILTER

This section follows the considerations and notation of
[20], which is based on [1], [16], [17], [18], [24], [25] and
[26]. It has to be pointed out that all the work presented in
this section has been presented first in [1], [16], [17], [18],
[24], [25] and [26]. However, the notation of this paper is
based on [20] and [19] since the authors consider it to be
more intuitive.

This section provides background information about the
connection between PGFLs and the PHD-filter which are
necessary to understand section IV-A. However, for details the
authors refer to [1], [20] or [19], which explains the connection
between the PHD- and the Intensity-filter, using PGFLs.

To begin with, let X be a separable metric space, e.g., Rd,
for d > 0. Then the space of sets of points in X is defined by

EX := ∅ ∪
⋃
n≥1

X (n), (1)

where X (n) is the space of sets of size n ∈ N. It is assumed,
that each element ϕ ∈ EX \ ∅ is locally finite, that is each

bounded subset of X must only contain a finite number of
points of ϕ and simple, i.e.,

∀xi, xj ∈ ϕ, xi = xj ⇒ i = j. (2)

Then a stochastic process in the sense of [24] is defined as a
measurable mapping

Φ : (Ω,F ,P)→ (EX ,B(EX )), (3)

where (Ω,F ,P) is an arbitrary probability space and B(EX )
denotes the Borel σ-algebra of EX . The associated counting
function for an arbitrary B ∈ B(X ) is defined by

N·(B) : (EX ,B(EX ))→ (N,B(N)). (4)

Then the composition,

N·(B) ◦ Φ = NΦ(·)(B) : (Ω,F ,P)→ (N,B(N)) (5)

is measurable and the intensity measure (first order moment,
PHD, etc.) is defined for an arbitrary B ∈ B(X ) by

E[NΦ(·)(B)] =

∫
Ω

NΦ(ω)(B)P(dω) =

∫
EX

Nϕ(B)PΦ(dϕ) (6)

=: µΦ(B), (7)

which yields the expected number of points in B. PΦ denotes
the pushforward (image) measure of P, using the point process
Φ. For any bounded and Lebesgue-integrable function

h : (X ,B(X ))→ (R,B(R)) (8)

the PGFL of the point process Φ is defined by

GΦ[h] :=
∑
n≥0

∫
X (n)

(
n∏
i=1

h(xi)

)
PΦ(d{x1, ..., xn}) (9)

=
∑
n≥0

1

n!

∫
X (n)

(
n∏
i=1

h(xi)

)
fΦ({x1, ..., xn})dx1...dxn,

(10)

where fΦ is the multi-object density and defined such that∫
B

n!PΦ(d{x1, ..., xn}) =

∫
B

fΦ({x1, ..., xn})dx1....dxn,

(11)

for all B ∈ B(EX). Equation (10) holds due to the assumed
absolute continuity of PΦ and the application of the Radon-
Nikodym theorem (for details see [1] or [20, p.16]).

To illustrate the connection of PGFLs and the PHD-
filter, the update equation (the prediction equation is derived
analogously) is exemplary derived using Bayes theorem, the
definition of PGFLs and functional differentiation. For details
see [1], [20, p.17-p.24] or [19].

Let X be the target and Z be the measurement space. Then
EX and EZ are defined as in (1) for the respective subsets of X
and Z. Analogously to the definition of conditional probability,
the multi-joint object density is defined on the product space
EZ × EX by

fZ,X(Z,X) := LZ|X(Z|X)fX(X) (12)



and in the same way Bayes theorem for point processes is
given by

fX|Z(X|Z) =
LZ|X(Z|X)fX(X)∫

EX

1
|X′|!LZ|X(Z|X ′)fX(X ′)dX ′

, (13)

where LZ|X(Z|X) denotes the multi-object likelihood-
function on EZ × EX , fX is the distribution of X on EX
and fX|Z(X|Z) denotes the conditional multi-object density
on EX × EZ . By multiplying (13) with 1

|X|!
(∏

x∈X h(x)
)

and integrating over EX the PGFL-form of Bayes theorem is
obtained by

GX|Z [h|Z] =

∫
EX

1
|X|!

( ∏
x∈X

h(x)

)
LZ|X(Z|X)fX(X)dX∫

EX

1
|X′|!LZ|X(Z|X ′)fX(X ′)dX ′

.

(14)

To derive the PHD-filter update equation using PGFLs the
following properties are assumed (see [1], [19, chapter 5.2]).

1) The target process is a Poisson Point Process (PPP)
on X with intensity function µs(·).

2) Conditioned on X = {x1, ..., xn}, the measure-
ment process is the superposition of n mutually
independent, identical, target-oriented measurement-
processes and a given PPP clutter process on Z with
intensity function λc(·).

3) A target generates at most one measurement in Z.

The following deviations until equation (23) can all be found
with a different notation in [1]. First, the PGFL of the
multi-object likelihood-function LZ|X(Z|X) is considered for
different cases. If X = ∅, the PGFL is given by GZ|X [g] =
Gclutter[g], due to assumption (2). Second, X = {x}, x ∈ X

GZ|X [g|{x}] =

∫
EZ

1

|Z|!

(∏
z∈Z

g(z)

)
LZ|X(Z|{x})dZ

= LZ|X(∅|{x}) +

∫
Z

g(z)LZ|X({z}|{x})dz =: Gobs[g|x],

(15)

where (15) is given due to assumption (3) and g : (Z,B(Z))→
(R,B(R)) denotes a bounded and Lebesque integrable test-
function. Let L̂Z|X and pD be defined on Z × X and X ,
respectively such that LZ|X({z}|{x}) = pD(x)L̂Z|X(z|x) and
LZ|X(∅|{x}) = 1− pD(x). This implies

GPHD
obs [g|x] = 1− pD(x) + pD(x)

∫
Z

g(z)L̂Z|X(z|x)dz. (16)

From now on due to simplicity L̂Z|X is denoted by LZ|X .
Third, let X = {x1, ..., xn}. Then due to assumption (2) and
[20, example 5] the PGFL is given by

GZ|X [g|X] = Gclutter

n∏
i=1

GPHD
obs [g|xi]. (17)

Possessing the PGFL of the likelihood-function, the next step
is to find an expression for the PGFL of the joint state.

GZ,X [g, h] =

∫
EX

1

|X|!

(∏
x∈X

h(x)

) ∫
EZ

1

|Z|!

(∏
z∈Z

g(z)

)
LZ|X(Z|X)fX(X)dZdX (18)

=

∫
EX

1

|X|!

(∏
x∈X

h(x)Gclutter

n∏
i=1

Gobs[g|x]

)
fX(X)dX

(19)
= GclutterGX [hGPHD

obs [g|·]], (20)

where due to assumption (1) and (2) (target and clutter process
are PPPs) the PGFLs Gclutter and GX are given by

Gclutter[g] := exp(λ(

∫
c(z)g(z)dz − 1)) (21)

and

GX [h] := exp(µ(

∫
s(x)h(x)dx− 1)). (22)

The second factor of (20) denotes a composition of functionals,
called branching form of the respective PGFL. Note, that (20)
is obtained by considering

Gclutter

n∏
i=1

Gobs[g|·] : R→ R (23)

as a test-function with respect to x ∈ R. In (21) λ denotes the
average number of clutter and each false alarm is distributed
according to c(·). In (22) µ denotes the average number of
targets and each of the targets is distributed according to s(·).

In the following the derivative of a PGFL is needed.
Therefore, let G be a PGFL from definition (10). Then the
Gâteaux derivative of G[h] with respect to the variation ω is
defined by

δG[h;ω] := lim
ε↘0

G[h+ εω]−G[h]

ε
, (24)

where ω is a real-valued, bounded and Lebesgue-integrable
function on X (or Z). The differentiation with respect to mul-
tiple real-valued, bounded and integrable variations ω1, ..., ωm
is defined iteratively, that is

δmG[h;ω1, ..., ωm] = δ
(
δm−1G[h;ω1, ..., ωm−1];ωm

)
.
(25)

To define the functional derivative with respect to an impulse
at c ∈ X ⊂ Rd (or c ∈ Z ⊂ Rd), d ≥ 1 and c being an
interior point of X (Z) (see [21]), a family of test functions
approximating the Dirac-delta function needs to be considered.
To this end, let {γcε}ε>0 be a family of positive, bounded and
integrable functions converging for ε → 0 to the Dirac-delta
function. A possible choice for this family of test functions in
one dimension is

γcε (x) :=
1√
2πε

exp

(
− (x− c)2

2ε

)
, (26)

for all ε > 0 and x ∈ R (see [21]). Note, that the sequence
{γcε}ε>0 is not-bounded. However, it holds that

lim
ε→0

∫
X

h(x)γcε (x)dx = h(c). (27)



For a PGFL G defined in (10), where X = Rd, d ≥ 1 the
functional derivative with respect to an impulse is defined by

δG[h; δc] := lim
ε→0

δG[h; γcε ], (28)

where {γcε}ε>0 is the previously mentioned appropriate family
of functions converging for ε → 0 to δc. Note, that (28)
consists out of two independent limit processes. One with
respect to the test-functions and one with respect to the
functional derivative. Furthermore note, that the set-derivate
in [1, pp. 380, 381] can be defined by using a special choice
of test-functions, approximating the Dirac-delta function and
h = 1S , S ⊂ Rd in (28). Indeed, for ε > 0 let

γcε (x) :=
1

λ(Ecε )
1Ecε (x), (29)

where Ecε is a neighborhood of c ∈ R with λ(Ecε ) = ε, λ
being the Lebesgue measure in Rd. Then for γcε and h = 1S
one obtains

G[h+ εγcε ]−G[h]

ε
=
G[1S + 1Ecε (x)]−G[1S ]

λ(Ecε )
. (30)

Thus, the double limit from (28) reduces to a single limit due to
the fact that the ε of the derivative and the Lebesgue measure of
the support of γcε are chosen identically. Under the assumption
that S and Ecε are disjoint

lim
ε↘0

G[1S + 1Ecε (x)]−G[1S ]

λ(Ecε )
(31)

denotes the set derivative defined in [1, pp. 380, 381]. For
simplicity (28) is called functional derivative, but keep in mind
that (28) is the limit of Gâteaux derivatives.
In [1] and [19] it is shown that

LZ|X(Z|X) = δmGZ|X [g|X; δz1 , ..., δzm ]|g=0 (32)

and thus

GX|Z [h|Z] :=
δmGZ,X [g, h; δz1 , ..., δzm ]|g=0

δmGZ,X [g, 1; δz1 , ..., δzm ]|g=0
(33)

holds. Finally, the update equation for the first order moment
(or PHD) µX|Z is given by an additional functional derivative
(see [1], [19], [20])

µX|Z(x|z1, ..., zm) = δGX|Z [h|Z; δx]|h=1. (34)

Computation of (33) and (34) yields the update equation of
the PHD-filter

µX|Z(x|z1, ..., zm) = µs(x)

(1− pD(x))

+
∑
z∈Z

pD(x)LZ|X(z|x)µs(x)

λc(z) + µ
∫
X

pD(x)s(x)L̂Z|X(z|x)
dx

 . (35)

III. FORMULATION OF THE PROBLEM

A. The General PHD-Filter

The previous section shows how to obtain the update equa-
tion of the PHD-filter by inspecting PGFLs. When deriving the
update equation using PGFLs, essentially three steps can be
identified.

1) Definition of the PGFL of the multi-object likelihood-
function GZ|X [g|{x}] (see (15)-(17))

2) Definition of the PGFL of the joint state GZ,X (see
(18)-(22)).

3) Functional differentiation to determine the intensity
(see (33) and (34)).

In [22] the authors present the GCR, which is a generalization
of the fourth chain rule for functional derivatives from [1]. This
can be used to differentiate complex PGFLs. Furthermore, a
PHD-filter for general target-generated measurement models
and a general clutter process is developed using the GCR. If
the clutter is assumed to be Poisson the update equation of the
general PHD-filter in the notation of (35) is given by

µX|Z(x|z1, ..., zm) = µs(x)

 (1− pD(x)) +

pD(x) ·

∑
π∈Π(1:m)

(
|π|∑
j=1

LZ|X(i(πj)|x)
|π|∏

k=1,k 6=j
ηπ,k

)
∑

π∈Π(1:m)

|π|∏
j=1

ηπ,j

 ,

(36)

where

ηπ,j := 1{a:|a|=1}(πj)λc(i(πj,1)) + µ

∫
s(x)pD(x)

· LZ|X(i(πj,1), ..., i(πj,|πj |)|x)dx (37)

and Π(1:m) denotes the set of all partitions of {δz1 , ..., δzm},
e.g., Π(1:2) = {{{δz1}, {δz2}}, {{δz1 , δz2}}}. The function i :
Π(1:m) → P(Z) is defined as i({δz1 , ..., δzm}) = (z1, ..., zm),
for all j ∈ {1, ...m} and

1{a:|a|=1}(π) =

{
1, if |π| = 1

0, otherwise
(38)

defines the indicator function. The deviation of (36) can be
done analogously to the standard PHD-filter as described in
section II for

Gobs[g|x] = 1− pD(x)+

pD(x)
∑
n≥1

1

n!

∫
Zn

 n∏
j=1

g(zj)

LZ|X(z1, ..., zn|x)dz1...dzn

(39)

instead of definition (16), using the GCR. Another possible
approach is to use so-called secular function as it is done in
[21].

Note, that (36) can handle correlated measurements orig-
inating from a specific target, since only the assumption that



the measurement process is the superposition of n mutually
independent (conditioned on X = {x1, ..., xn}) target-oriented
measurement-processes is needed for the derivation of the
update equation. In particular, the measurements are not as-
sumed to be conditionally independent on a specific target
state. Measurements originating from different targets cannot
be correlated since in the deviation of the generalized PHD-
filter in [22] the corresponding measurement processes need
to be mutually independent.

B. Computational Complexity of the General PHD-Filter

The update equation of the PHD-filter for targets with a
general target-generated measurement model (36) and Poisson
clutter is due to the combinatorial sum numerically highly
complex. The number of partitions is growing exponentially
with the number n of measurements and is given by the Bell
number Bn. The exponential-growth of the Bell number is
visualized in figure 1 and indicates that for an application
of (36) approximations are inevitable. In [6], [7], [8], [9],
[10] and [27] clustering approaches, which are essentially
based on the spatial relation of measurements, are used to
reduce the number of partitions. These approximations are
valid if the measurements of a target are spatially related
in the measurement space. However, scenarios exist where a
target generates multiple measurements per scan which are
not spatially related in the measurement space, e.g., BML. For
such kind of scenarios the partitions in equation (36) need to be
reduced without using any information about the distribution
of measurements in the measurement space.

IV. APPROXIMATION OF THE UPDATE EQUATION

A. Incorporation of a Priori Information

The first proposed approximation of equation (36) con-
siders available a priori information about the number of
generated measurements per target and sensor-scan. The idea
is to restrict the possible number of generated measurements,
that is to assume that a target generates at least Nmin ∈ N and
at most Nmax ∈ N measurements per sensor-scan.

To derive the respective PHD-update equation the general
higher order chain rule, presented in [23] is used. First, the
PGFL of the joint state is given analogously to equation (20)
by

GZ,X [g, h] =GclutterGX [hG̃obs[g|·]] = (exp ◦f)[g, h], (40)

where

f [g, h] := λ(

∫
c(z)g(z)dz − 1)

+µ(

∫
s(x)h(x)G̃obs[g|x]dx− 1) (41)

and the approximated likelihood PGFL G̃obs, which incorpo-
rates the a priori knowledge on the number of valid measure-
ments per target is defined by

G̃obs[g|x] := 1− pD(x)+

pD(x)

Nmax∑
n=Nmin

1

n!

∫
Zn

 n∏
j=1

g(zj)

LZ|X,n(z1, ..., zn|x)dz1...dzn.

(42)

Applying the general higher order chain rule to determine the
functional derivative of (40) with respect to impulses yields

δmGZ,X [g, h; δz1 , ..., δzm ] = δm(exp ◦f)[g, h; δz1 , ..., δzm ]

=
∑

π∈Π(1:m)

δ|π| exp(f [g, h]; ξπ1
[g, h], ..., ξπ|π| [g, h])

=
∑

π∈Π(1:m)

exp(f [g, h])

|π|∏
j=1

ξπj [g, h], (43)

where

ξω[g, h] = δ|ω|f [g, h;ω1, ..., ω|ω|]

= µ

∫
s(x)h(x)δ|ω|G̃obs[g;ω1, ..., ω|ω|]dx. (44)

For the evaluation of (44) the functional derivative of definition
(42) has to be considered. Therefore, ω be an arbitrary element
of a partition from Π(1:m). Then, the functional derivative of
the functional is given by

δ|ω|G̃obs[g;ω1, ..., ω|ω|] =

Nmax∑
n=Nmin

1

n!
· n · (n− 1) · ...

· (n− |ω|+ 1) ·
∫

Zn−|ω|

n−|ω|∏
j=1

g(z′j)


· LZ|X(i(ω), z′1, ..., z

′
n−|ω||x)dz′1...dz

′
n−|ω| (45)

if |ω| < Nmin. If |ω| ∈ {Nmin, ..., Nmax − 1} it is given by

δ|ω|G̃obs[g;ω1, ..., ω|ω|] = pD(x)
(
LZ|X(i(ω)|x)

+

Nmax∑
n=Nmin

1

n!
· n · (n− 1) · ... · (n− |ω|+ 1)

·
Nmax∫

n=Nmin

n−|ω|∏
j=1

g(z′j)


· LZ|X(i(ω), z′1, ..., z

′
n−|ω||x)dz′1...dz

′
n−|ω|

)
(46)

and if |ω| = Nmax it is equal to

δ|ω|G̃obs[g;ω1, ..., ω|ω|] = pD(x)LZ|X(i(ω)|x). (47)

If |ω| > Nmax the derivative is

δ|ω|G̃obs[g;ω1, ..., ω|ω|] = 0. (48)

Thus, an evaluation of the approximated likelihood-function
PGFL for g = 0 delivers

δ|ω|G̃obs[g;ω1, ..., ω|ω|]

=

pD(x) · LZ|X(i(ω)|x), if |ω| ∈ {Nmin, ..., Nmax}

0, otherwise
(49)

= 1A(ω)pD(x)LZ|X(i(ω)|x), (50)

where A := {a : |a| ∈ {Nmin, ..., Nmax}}. In the following,
the short-hand notation from (50) is used. Possessing the
functional derivative of the PGFL of the joint state with respect



to impulses the update equation of the corresponding PHD-
filter can be determined. It is given by

µX|Z(x|z1, ..., zm) =
δm+1GZ,X [0, 1; δz1 , ..., δzm , δx]

δmGZ,X [0, 1; δz1 , ..., δzm ]
(51)

=

∑
π∈Π(1:m)

δBπ[0, 1; δx]

∑
π∈Π(1:m)

exp(f [0, 1])
|π|∏
j=1

ξπj [0, 1]

, (52)

where

Bπ[g, h] := (exp ◦f)[g, h] ·
|π|∏
j=1

ξπj [g, h]. (53)

The evaluation of (52) yields the update equation of the
approximated generalized PHD-filter with Poisson clutter. It
is given by

µX|Z(x|z1, ..., zm) = µs(x)

(1− pD(x)) +

pD(x) ·

∑
π∈Π(1:m)

|π|∑
j=1

1A(πj)LZ|X(i(πj)|x)
|π|∏

k=1,k 6=j
η̃π,k

∑
π∈Π(1:m)

|π|∏
j=1

η̃π,j

 ,

(54)

where

η̃π,j := 1{a:|a|=1}(πj)λc(i(πj,1))+

µ

∫
s(x)1A(πj)pD(x)LZ|X(i(πj)|x)dx. (55)

Due to the fact that some summands of equation (54) are zero,
computational effort can easily be saved. A summand of the
sum over all partitions in (54) is zero if for the respective
partition π ∈ Π(1:m) holds

∃j ∈ {1, . . . , |π|} : |πj | 6∈ {1, Nmin, ..., Nmax}, (56)

since then either 1{a:|a|=1}(πj) = 0 or 1A(πj) = 0. Therefore,
the computational effort can be reduced by rejecting the parti-
tions which fulfill condition (56). After rejecting the partitions,
equation (36) can be evaluated, since except for the appearance
of 1A(·) = 0 it is identical to equation (54).

B. Evaluation of Significant Summands

In practice, the likelihood-function might get zero for
improbable events due to the numerical resolution of the
computer. Therefore, another practical approach of reducing
the number of partitions which have to be considered in
equation (54) is to evaluate only the terms which are not
zero. To this end, a criterion based on the cardinality of the
partition elements is developed to determine those partitions.
Let π ∈ Π(1:m) be an arbitrary partition which does not fulfill
criterion (56) and x ∈ X be an arbitrary target position. Then

|π|∑
j=1

1A(πj)LZ|X(i(πj)|x)

|π|∏
k=1,k 6=j

η̃π,k = 0 (57)
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Fig. 1. Comparison of the Bell number and the number of partitions due to
approximation (54).

holds if

∃j ∈ {1, . . . , |π|} : |πj | > 1
∧
LZ|X(i(πj)|x) = 0 (58)

is fulfilled. Note, that |πj | > 1 in (58) has to be fulfilled
due to the first summand in η̃π,j , since otherwise it might
happen that only the j-th summand of (57) is zero. Hence
condition (58) can be used to reduce the number of considered
partitions. Note that, for the application of this condition the
likelihood-function has to be evaluated for all possible subsets
and all particle positions. The number of all possible subsets
is given by the binomial series, e.g., possessing a set of m

measurements, NSubsets =
∑m
k=0

(
m
k

)
= 2m subsets have

to be evaluated. However, depending on Nmin and Nmax the
application of condition (56) already reduces the number of
subsets which have to be considered significantly, that is for
m > 0 and 1 < Nmin ≤ Nmax ≤ m an application of condition
(56) reduces the number of subsets of the measurement set,
which have to be considered to NSubsets = 2(Nmax+1)−Nmin+1.

V. NUMERICAL EVALUATION

To verify the applicability of (54) a numerical evaluation
is carried out. To this end, a two-target scenario is considered
(see figure 2 (a)), where the targets are moving linearly with
a constant speed of 5 m

s (target 1) and 3 m
s (target 2). The

trajectory of the first target starts at (10, 5)T and is directed
to (650, 400)T . The second target starts at (10, 500)T and is
directed to (700, 10)T . In each iteration (the scan time is 1s)
two correlated measurements are drawn per target according
to a Gaussian-distribution with the following parameters. The
mean is given by the position of the target and the covariance

matrix is given by Σ =

(
R C
CT R

)
, R = diag(10, 10)

and C = diag(5, 5). Since the probability of detection per
measurement is pD = 0.8, the covariance matrix Σ is restricted
according to the size of available measurements per target.
Furthermore, two clutter measurements are drawn uniformly
per iteration in the field of view, which is given by [0, 700]×
[0, 700]. For the evaluation of (54), an SMC-implementation



is used. The prediction is the same as for the standard PHD-
filter, where the probability of survival is set to pS = 1.0 for
all particles and the single-object transition density is defined
by the continuous white-noise acceleration model from [28]
with q̃ = 1.5. To reduce the computational complexity, in
each iteration 50 newborn particles are generated around the
measurements of the previous iteration. For the initialization
100 particles are uniformly drawn in the field of view. A
standard resampling-algorithm (see [14]) is carried out and the
maximal number of particles is restricted to 150. For the update
of the filter, (54) is implemented, setting Nmin = Nmax = 2
and using conditions (56) and (58) to restrict the number of
partitions. The likelihood-function is defined as follows. Let Z
be the set of measurements (including clutter measurements)
of a specific iteration. Then EZ is defined as in section II by
the space of sets of points in Z. The likelihood-function is
given by

LZ|X(·|·) : Ez \ ∅ × R4 → R. (59)

Then for z = {z1, ..., zn} ∈ EZ \ ∅ and x ∈ R4 arbitrary the
likelihood-function is defined by

LZ|X(z|x) = p(|z|)·

N


z1

...
zn

 ,

Hx...
Hx

 ,


R C . . . C
CT R . . . C

...
...

. . .
...

CT CT . . . R


 , (60)

where H :=

(
1 0 0 0
0 1 0 0

)
and p : {1, ..., 6} → [0, 1] defines

the probability of observing a set of measurements with the
respective number of elements. It is defined by

p(n) =

{
0.75, if n = 2

(1− 0.75)/(n− 1), else.
(61)

Note, that given a specific target state x ∈ R4 the measure-
ments are not conditionally independent, since only the mutual
independence of the target-oriented measurement processes is
needed in the deviation of the generalized PHD-filter. Thus,
the definition (60) makes sense. The mean number of clutter
λ from (37) is set to two and c is uniform in the field of view.
The probability of detection pD is set to 0.8. To extract a state
estimate in each iteration, the k-means algorithm is applied
to the set of particles, which were present in the previous
iteration. The number of clusters k is given by the rounded
number of estimated target states from the PHD-filter. Note,
that the enhanced state extraction scheme, presented in [29]
needs to be modified for applying it to a scenario, where
several targets generate multiple measurements.

To assess the proposed PHD-filter 250 Monte Carlo runs
are performed. Figure 2 (b) visualizes the number of estimated
targets and figure 2 (c) shows the tracking result in terms of
the mean of the OSPA-values over all Monte Carlo runs. In
the presented results the approximations from section IV-A are
applied. Figure 2 (d) shows the mean numbers of partitions
due to the application of conditions (56) and (58). For the
computation of the mean number of significant partitions in
each Monte Carlo run the mean number of significant partitions
is computed for each time-step over all particles. Afterwards,
the mean of the number of significant partitions is computed
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Fig. 2. Visualization of the two-target scenario. Two targets (green circle) are
linearly moving with a constant velocity on their trajectory (blue line). In one
iteration a target generates two correlated measurements (blue crosses), each
with probability of detection pD = 0.8. The measurements are drawn around
the targets true position according to a Gauss-distribution with covariance
matrix Σ. Furthermore, two clutter measurements (red crosses) are generated
uniformly over the field of view in each iteration (a).Estimation of the number
of present targets, given by the sum of the particle weights over the field of
view (blue curve). The red curve is the correct number of present targets
(b).Mean of the OSPA-values with order p = 2 and cut-off value c = 100
(c).Mean number of partitions resulting from condition (56) and mean number
of partitions due to condition (58). The constant number of partitions from
(56) occurs since the rounded mean number of measurements is 5 (due to the
probability of detection pD = 0.8 and the fixed number of clutter). For the
computation of the mean number of significant partitions in each Monte Carlo
run the mean number of significant partitions is computed for each time-step
over all particles. Afterwards, the mean of the number of significant partitions
is computed over all Monte Carlo runs (d).

over all Monte Carlo runs. This shows, that incorporating a
priori knowledge about the number of measurements per target
and inspecting the likelihood-function yields a significant
reduction of the number of measurements which have to be
considered.

From figures 2 (b) and 2 (c) it can be seen that the tracking
of the target position and the estimation of the number of
targets works for the proposed update scheme. Note, that the
sum of all particle weights (figure 2 (b)) is slightly above
two. This is due to the fact that the probability of detection
pD = 0.8 of the filter does not correspond to the probability of
detection of single measurements. Therefore, it is numerically
shown that the proposed methods of approximation for the
generalized PHD-filter can be applied to scenarios where
targets generate multiple measurements. It should be noted
that the definition of the likelihood function does depend on the
considered scenario and is not part of the numerical evaluation
of this work. Furthermore, the following should be kept in
mind. The probability of detection pD is defined in the target
space, i.e., it defines the probability that a target is detected.
The definition of how probable it is to observe a specific
measurement set size is part of the considered scenario and
has to be defined in the likelihood-function. On the contrary
λc(·) defines the probability of obtaining false measurements
(not false targets). Thus λ denotes the mean number of false
measurements per iteration. Hence clutter is defined in terms



of elements of the measurement space, not as clutter targets
in the target space.

VI. CONCLUSION AND FUTURE WORK

In this paper two different ways of approximation for
the generalized PHD-filter update from [22] are proposed.
In contrast to approximations for extended object and group
tracking, the spatial relation of the measurements in the
measurement space is not used. The approximations are based
on incorporating the a priori knowledge on the number of
measurements per target and the significance of a partition
in terms of the likelihood-function. Therefore, the proposed
approximations can be applied to scenarios, where a spatial
distribution of the measurements is not available. An example
for such a kind of scenario is BML where mobile terminals
have to be tracked passively and non-cooperatively in an urban
environment (see [11], [13], [12]). A numerical example for
a two-target scenario, where each target generates multiple
correlated measurements is used to show the applicability of
the proposed approximations and to discuss the number of
partitions that have been reduced.

Future work will investigate the application of the pro-
posed PHD-filter to the problem of BML. Furthermore, im-
proved schemes for state extraction and a meaningful defini-
tion/modeling of the probability of detection for the general-
ized PHD-filter could be considered.
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